
Principal Components Analysis, briefly

To find the first principal component of a matrix A one should find such linear combinations

ZT = CAT

of a row-vectors of A that the column-vectors z1, ..., zn of Z have the maximal variance,

max
n∑

i=1

Dz1

with the conditions ||C||22 = 1 and CCT = In.
As Rau, C.R. shows, the column vectors of the matrix C is a eigenvectors of a matrix Σ.

Elements of this matrix are covariance coefficients of row-vectors of A. The interpretation of
the principal components is the next. Assume one should replace a p-dimensional random
value with k < p linear function with condition that he does not want to loss to much
information. How to choose these k linear functions? Any choice depends on the quality
of the p original random value reconstruction. One of the random variable reconstruction
method is to make the best predictor on a k linear functions basis. In this case the predictor
effectiveness can be estimated with the residual variance σ2

i , i ∈ {1, ..k}. The overall
effectiveness measure is

∑
σ2

i . The best choice of linear functions for which this sum is
minimal is the choice of the first k principal components.

A principal components computation procedure is the following. Make the covariation
matrix Σ = [σjk]:

σjk =
1

n− 1

n∑
i=1

(aij − ā·j)(aik − ā·k), j, k = 1, ..., n.

Here the variables aij, aik are the items of the matrix A. Notice that the variable ā·j
(and ā·k as well) in the classic algorithm is 1

n

∑n
χ=1 aχj while in the case of the indices

computation the variable āχj = 0 so that all the objects data aij are positive. Find the
eigenvector c1 = [c1, ..., cn]T of the matrix Σ that corresponds to its maximal eigenvalue.
For each object compute its index

qi = c11(ai1 − ā·1)+, ..., +cn1(ain − ā·n).

From the matrix A singular value decomposition A = UΛV T one can deduce that

AT AV T = V T Λ2.

It means the matrices V T and Λ2 are eigensystem of AT A = Σ. So, assume the first
principal component c1 as the first row vector of V . The indices vector q = [q1, ..., qm]T is

q = Ac1.
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